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1. INTRODUCTION 
Taking the spectrum X = Spec R of a (noncommutative) Noetherian ring R 
to be the set of isomorphism classes of indecomposable injective left R-modules, 
we define a topology on Spec R which reduces to the usual Zariski topology when 
R is commutative. This topology is different from those defined in [I, 2, 8, 91. In 
each of those cases when R is the ring of n x n upper triangular matrices over a 
field, the topology on Spec R is discrete, while our topology is the order topology 
on a linearly ordered set. Our topology is very like that defined in [7]. We prove, 
as in [7], that if Spec R is a disjoint union of relatively open sets X, and X, , 
then R = R, @ R, , uniquely, with Spec Ri homeomorphic to Xi, i = 1,2. 
Our proof is considerably simpler than that in [7]. 
We define a sheaf of rings over Spec R which reduces to the usual structure 
sheaf when R is commutative. For each R-module M we associate a presheaf 
of modules over Spec R which also reduces to the usual sheaf when R is com- 
mutative. If R has the property that open subsets of Spec R are compact, the 
presheaf is a sheaf. 
For standard notions on torsion theories and quotient rings, the reader is 
referred to [lo]. For the notions of Krull dimension of modules and critical 
modules, see [6]. We denote the Krull dimension of a module M by K dim M. 
We make use of the fact, due to Gordon (see [5]), that a Noetherian module M 
has a generalized composition series (0) = MO C Ml C ‘.. C M, = M, where 
each factor M,/M,-, is critical of some Krull dimension ai , and a1 < 
’ . . . ff2 % -< ail . Moreover, the injective hulls E(M,/M,-,) are unique up to 
isomorphism, except for the order in which they occur. 
The isomorphism class of a module M is denoted [Ml, the injective hull of M 
by E(M). R always denotes a left Noetherian ring with unity. All R-modules are 
left modules and are unital. Endomorphisms of R-modules are written on the 
right, and a left R-module is regarded as a right module over its endomor- 
phism ring. For a module M and an element m E M, we denote Z(M) = 
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{Y E R j rM = (0)) and Z(m) = {r E R j rm = 0}, the annihilators of M and m, 
respectively. 
The results in this paper have been announced previously in [3]. 
2. THE SPECTRUM 
Let X = Spec R denote the spectrum of the ring R, which we take to be the 
set of isomorphism classes of indecomposable injective (left) R-modules. We 
define a topology on X in which closed subsets Y of X have the property: If 
[Vi] E Y, [F’s] E X, and Hom,(V, , V,) f (0), then [V,] E Y. In fact, the 
closure of a point [V] E X is the (unique) smallest subset of X which contains [V] 
and has this property. 
We first define a directed graph 9 whose set of vertices is the set X. There is a 
directed edge in 3 from each vertex [V] to itself. In addition, if [Vi] $1 [V,] E X, 
there is a directed edge from [Vi] to [V,] in ?? p rovided there is a submodule A of 
Z’, , a critical submodule S, of V, , and a critical submodule S, of V, such that 
there is a short exact sequence 0 - S, + A - S, ---f 0. 
LEMMA 2.1. If V is an indecomposable injective R-module and A is a submodule 
of V with (generalized) composition series, A 3 A, 3 A, 3 . . . 3 A, 3 (0), n > 1, 
there is a path in 9 from [V] to [E(A/A,)]. Hence, if [V,], [V,] E X and 
Hom,( VI , V,) # 0, there is a directed path in 99 from [V,] to [V,]. 
Proof. The proof of the first statement is by induction on n. If n = 1, the 
exact sequence 0 ---f A, -+ A --f A/A, + 0 yields a directed edge in 9 from 
[V] = [E(A,)] to [E(A/A,)], because A, and A/A, are critical and A C V. 
Now assume k > 1 and that the result holds for all n < K. Assume A is a 
submodule of V with composition series A 3 A, 3 ... 3 A, ‘I) Ak+l 3 (0). By 
the inductive hypothesis, there is a directed path in 9 from [V] to [E(A,/A,)]. If 
A/A, is uniform, the exact sequence 0 --f Al/A, + A/A, + A/A, + 0 yields an 
edge in 9 from [E(A,/A,)] to [E(A/A,)]; hence, there is a path from [V] to 
[E(A/A,)]. If A/A, is not uniform, we choose Mi CA maximal such that 
A,nM,== A,. Then Ml/A2 is a nonzero critical module isomorphic to a 
submodule of A/A, . Mr 1 A, r) ... 1 A,,, r> (0) is a composition series for Mi . 
By the inductive hypothesis, there is a directed path in 3 from [V] to 
[E(&ZJA,)] = [E(A/A,)]. This completes the proof of the first statement. 
Now let [V,], [V,] E X with Hom,( V, , V,) # 0. There is a nonzero cyclic 
submodule A of VI and a short exact sequence 0 + K ---t A -+ S -+ 0 with S a 
nonzero critical submodule of V, . Choose such an A of minimal composition 
length,andletAr)A,Z)...r)A,3(O)b e a composition series for A. If K 2 A, 
there is an exact sequence 0 ---f K n A, -+ A, -+ S, -+ 0 with S, a critical sub- 
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module of S, hence of V, . This contradicts the minimality of n. Thus K 2 A, . 
If K = A, , by the first statement there is a directed path from [Vi] to 
[E(A/A,)] = [V,]. If K3 A, ) K3 A,3 ‘.. 3 A, 3 (0) is a composition series. 
Again, by the first statement, there is a directed path from [Vi] to [E(K/A,)]. 
The exact sequence 0 + K/A, + A/A, + A/K - 0 yields a directed edge from 
[E(K/A,)] to [E(A/K)] = [ Vs]. This completes the proof of Lemma 2.1. 
We use the graph Y to define a topology on X. For a left ideal I of R, let 
K(1) = {[WI E X j there exists [I’] E X, a nonzero module map 
ol: R/I + V, and a directed path in 9 from [V] to [ IVI}. 
Let U(1) = X\K(1). 
PROPOSITION 2.2. The set {U(I) 1 I a left ideal of R} is a basis of open sets for a 
topology on x. 
Proof. It is straightforward to verify that U(R) = X and U(0) is empty. 
Now let I and J be left ideals. The natural maps R/(I n J) --f R/I and 
R/(I n /)+ R/J yield K(I) u K(J) C K(I n J). On the other hand, since 
R/(I n J) embeds in R/I @ R/J, any nonzero map 01: R/(I n J) --f V, V an 
indecomposable injective will extend to a map ol: R/I @ R/J + V which cannot 
be zero on both R/I and R/J. Thus K(1 r\ J) C K(I) w K(J). Hence we get 
equality of sets which means U(I) n U(J) = U(I n J). Thus the given collec- 
tion is closed under finite intersections. This completes the proof. 
In [7] the spectrum as a topological space is defined for an arbitrary ring. The 
definition is very like that given above. We do not know if the two definitions are 
equivalent for arbitrary Noetherian rings. 
The two definitions are equivalent if End,(V) is a right Noetherian ring for 
each indecomposable injective module V. This follows from the next proposition. 
Recall that the heart, h(V), of V is the set of elements a E I’ such that ZJ E ker 01 
for each a E End,(V) for which ker 01 # (0). Equivalently, if 0 # v E V, then 
v E h(V) if and only if Z(V) is maximal among {Z(w) / 0 # w E V}. Every critical 
submodule of V is contained in h(V). 
PROPOSITION 2.3. Let [V,], [V,] E X, [V,] # [V,l, such that End,( Vi) is a 
right Noetherian ring. Assume that there is a directed edge in 9 from [V,] to [V,]. 
Then there is a submodule B of the heart, h( V,), of V, and critical submodules Tl , T, 
of V, and V, such that there is a short exact sequence 0 + Tl + B -+ Tz + 0. 
Proof. There is a submodule A of V, , critical submodules S, , S, of V, , V, , 
and a short exact sequence 0 + S, + A + S, + 0. Suppose A e h(V,). Let 
a,, E A, a, $ h( VI). Then there exists 6, E h(l/,) with Z(a,) C Z(b,). There exists 
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01~ E End,(VJ such that aOaO = 0 b , ker 01” # 0. Since S, C h(VJ C ker 01~ we 
have an induced commutative diagram 
Ra, --L W. + Sd/& 
Rb, 
If K dim S, 3 K dim S, , this cannot happen; so K dim S, < K dim S, . This 
implies A, = ker 01~ n Ru, 3 S, n Ra, . If A, C h(VJ, we are done. If not, 
there exist a, E A, , a, $ h(V,), and b, E h(Vi) such that Z(ur) C Z(b,). Then we 
have a commutative diagram 
Either this procedure terminates after a finite number of steps with a short 
exact sequence of the required kind, or there is an infinite ascending chain of 
right ideals of End,(V,), I,, C I C . . . . where Ij = {a 1 ajol = O}. This would 
contradict the assumption that End,( Vi) is right Noetherian. The proof is 
complete. 
If R is commutative, it is well known that the correspondence P --+ [E(R/P)] 
establishes a bijection between the set of prime ideals of R and the set X. With 
this identification, our topology reduces to the usual hull-kernel, or Zariski, 
topology. This is a consequence of the following proposition. 
PROPOSITION 2.4. Let PI, Pz be prime ideals of a commutative Noetherian 
ring, PI # Pz . There is a directed edge in 9 from [E(R/P,)] to [E(R/P,)] ;f and 
only if PI C Pz . 
Proof. If PI C P, , the short exact sequence 0 + PzjPl + RIP, + RIP, + 0 
yields the required directed edge in 3. Conversely, the existence of the directed 
edge implies the existence of a submodule A of E(R/P,) and critical submodules 
S, , S, of E(R/P,), E(R/P,) such that there is a short exact sequence 0 -+ S, + 
A --f S, --f 0. We may assume that A is cyclic, hence of the form R/L, L an ideal 
in R. Then L C Pz and we may assume S, = RIP,, S, = P,IL. Since R/L is a 
submodule of E(R/P,), we have L C PI, since PI is the unique ideal maximal 
among annihilators of nonzero elements of E(R/P,). PI is minimal over L since L 
is primary for PI; thus P, $ PI . If L # PI n Pz , then 0 - (PI n P,)/L + 
P,/L + P&PI n PJ -+ 0 is a short exact sequence in which the three middle 
terms are all critical of the same Krull dimension. This is impossible, so 
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L = PI n P, . But this implies PI C Pz; otherwise R/L is not a uniform module. 
The proof is complete. 
For any module M, the support, Supp M, of M is defined to be the set 
{[I’] E X 1 M is not V-torsion). This is easily seen to be equivalent to the assertion 
that [V] E Supp M if and only if there is a critical factor S of a submodule of M 
such that E(S) z V. If M is finitely generated and Vi ,..., V, are the inde- 
composable direct summands of E(M), then Supp M is contained in the closure 
of the set {[Vi],..., [V,]}. However, Supp M is not a closed subset of X, in general. 
In [7], it was shown that a decomposition of Supp M as the disjoint union of 
two relatively open sets yields a direct sum decomposition of M. The proof 
given there can be considerably simplified with our definition of the topology on 
X. The following lemma is clear from the above remarks. 
LEMMA 2.5. If N is a large submodule of M, then Supp M s_C closure (Supp N). 
THEOREM 2.6. Let M be a module such that Supp M is the disjoint union of 
relatively open sets X, , X, . Then M = MI @ M, , with Supp Mi = Xi , 
i = 1, 2. MI and M, are unique. In particular, if X is the disjoint union of open sets 
X, , X, , then R = R, 0 R, , where Ii,, R, are (two-sided) ideals such that 
Spec Ri is homeoomorphic to Xi , i = 1,2. 
Proof. We assume first that M is finitely generated, hence Noetherian. 
Choose submodules MI , M, of M such that Mi is maximal with respect to the 
property Supp Mi C Xi , i = 1,2. Clearly, MI n M, = (0). Suppose 
MI @ M, # M. Consider the exact sequence 
0 --t Mz --+ M/M, -+ M/(M, 0 M,) --+ 0. 
We claim that M, is large in M/M, . If not, there exists a submodule K3 MI , 
K n M, = (0). By the maximality of MI, Supp K $ Xi . The lemma then 
implies that K has a nonzero submodule Ki such that Ki n MI = (0) and 
Supp Ki C X, . But this yields a contradiction to the maximality of Mz . Thus 
M, is large in M/M, . By the lemma, Supp M/M, C X, . This implies Supp 
M/(M, @ M,) C X, . A similar argument shows that Supp M/(M, @ M,) _C XI . 
Hence MI @ M, = M. The uniqueness of MI and M, follows from the fact, 
easily checked, that if Supp M,’ C X, , then Supp (Mi + Mi’) C Xi . 
We now drop the assumption that M is finitely generated. Let Mi = 
{mEMI SuppRmCX,}, i = 1,2. It is easily checked that MI and M, are 
submodules of M and M, n M, = (0). F or any m EM, Rm is cyclic, hence 
Rm = Rm, @ Rm, with Supp Rm, C Xi , i = 1,2, by the earlier part of the 
proof.ThusmEM,@M,.SoM=Mi@M,. 
In case M = R, we get R = R, @ R, for left ideals R, , R, . If R,R, # (0), 
choose a E R, such that R,a # (0). Then Supp R,a C Supp R, n Supp R, . 
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Thus R,R, = (0). Similarly, R,R, = (0). It follows that R, and R, are two-sided 
ideals. 
If [V] E Spec R, I’ = R,V @ R,V, so either R,V = (0) or R,V = (0). Hence 
V is either an injective R,-module or an injective R,-module. It follows that 
Supp Ri C Spec Ri , i = 1, 2. Conversely, any injective R,-module is naturally 
an injective R-module. It is straightforward to check that this identification of 
Supp Ri with Spec Ri is a homeomorphism. The proof is complete. 
It should be noted that the support of a module as defined above agrees with 
the usual notion in the commutative case. For, if P is a prime ideal, [E(R/P)] is 
in the support of a module M if and only if M is not &R/P)-torsion. But this is 
true if and only if there exists m E M such that Z(m) !Z P. This is equivalent to 
M,, # (0) where Mp is the localization of M at P. This is the usual definition 
for commutative R. 
3. THE STRUCTURE SHEAF 
For each x E X we fix a representative V, from the isomorphism class x. Thus 
x = [VJ. If UC X, we denote by V, the direct sum JJ { V, 1 x E U}. Since R 
is Noetherian, V, is injective. E, and E, denote the endomorphism rings of V, 
and V,, respectively. We proceed now to define a sheaf of rings over the 
topological space X. 
For each nonempty open subset U of X, we define the ring R, of sections over 
U to be the biendomorphism ring of V,; R, = End,J V,). If U, C U, , it is 
straightforward to check that the “restriction” map $U,,U,: R, -+ Ruz , which 
maps OL to its restriction to V,% , is a ring homomorphism, and &at the resulting 
structure is a presheaf. 
PROPOSITION 3.1. If U is a nonempty open subset of X, then R, is the quotient 
ring determined by the injective module V, . 
Proof. Let T(R) be the torsion ideal of R with respect to the torsion theory 
determined by Vu. Since R/T(R) is torsion-free, each indecomposable direct 
summand of E(R/T(R)) is isomorphic to a submodule of V, . Hence there is an 
embedding of E(R/T(R)) in th e d irect sum of a finite number of copies of V, , 
01: E(R/T(R)) ---f (I’,)“. Let (vi, v2 ,..., v,) be the image of 1 + T(R) under the 
mapping 01. Then T(R) = Z(1 + T(R)) = fly=, Z(vJ. It follows that V, is finitely 
cogenerating; i.e., V, is finitely generated as a module over E, . By [I I], the 
quotient ring of R determined by V, is the biendomorphism ring of Vu, 
Qu = Horn zU( V, , V,). This completes the proof. 
The proof of the following theorem is contained in the proof of Theorem 3.3. 
THEOREM 3.2. The presheaf constructed above is a sheaf. 
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We can associate a presheaf of modules over X with each (left) R-module M. 
For an open subset U of X, we define the module of sections M, to be the 
quotient module of M with respect to the topology determined by Vr, . If 
Us C U, , then the restriction map tiv,, o,: Mu1 -+ Mu2 is the natural one induced 
by the embedding VU% _C VU1 . By the construction, M, is an R, module. 
It will be helpful to describe the restriction maps in a more concrete way. The 
module E(M) is a direct sum of indecomposable injective modules. We fix such a 
direct sum decomposition throughout this discussion. For an open subset U of X, 
we then obtain a decomposition E(M) = UieJ V,, @ JJkoK Vz, , where xj E U, 
all j E J, and xg $ U, all K E K. This decomposi;ion yields a map lcIU: M + 
ujpJ Vzj . The kernel of the map z,!J” is M n UkpK V%, = TVu(M). M, can be 
identified with the submodule of I’JjCJ V, consisting of all elements which are 
’ VU-torsion over the image of #U . 
If U, C U, are open subsets of X, then we get decompositions E(M) = 
U&J, vzj 0 LLK, Vzk,, = 1,2. Then Jrr)Ja. Hence 
This decomposition yields a map #U,,U,: Mcrl + uieJ, Vzj , and the image of 
the map is contained in Mu, . This is the restriction map. 
THEOREM 3.3. Assume that either M is offinite uniform dimension or that every 
open subset of Spec R is compact. Then the presheaf defined above is a sheaf of 
modules. 
Proof. That the presheaf is separated follows [I, Proposition 21.51. Suppose 
{ Ui 1 i E I} is an open cover of an open subset U of X, and that for each i E I, 
vi E Mui such that #Lii.c’,nui, (vi) = #oi,,u.nrr.,(vi,), for all pairs i, i’ EI. As 
above, we may assume E(M,) = JJjpJ Vzj ,‘wih xj E U, all i E J. For each i E I 
this yields a decomposition E(M,) = UjeJ, Vzj @ ukEKK, V=, , where xj E Ui , 
all j E Ji , and X~ E U\ lJi , all K E Ki . We define an element v E JJjpJ Vzf as 
follows. Forj E 1, let lJij be chosen so that xj E Uij . Let the x,th coordinate of v 
equal the xith coordinate of vij . Note that this makes sense because 
and z’ is well-defined because of the assumption that #Ui,crinUi,(vi) = 
#Ui,,U.nUi.(vi’), for all i, i’ El. 
As&me now that either M is of finite uniform dimension or U is compact. 
Then the element v defined above has only finitely many nonzero coordinates, i.e., 
v E fl?‘.J vzj . We must show that v is VU-torsion over Z/~(M). Let 
D = {Y E R 1 YV E #o(M)} and suppose D is not V/,-dense. We argue a contra- 
diction. There exists i E I such that D is not VUi-dense. Let v = or + va , 
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where v1 E LIjsJi Vzj , v2 E LIkEKi Vzk . There exists a VUi-dense left ideal Di 
such that Div, C #ui(M) and Div2 = (0), because vi = #u,vi(v) = vi and v2 is 
Vu2 torsion. For each d E Di , we can express dv, = md + nd , where md E $,(M) 
and nd E ukfK, Vzk . There exists a VU,-dense left ideal Di’ such that Di’n, = (0). 
So Di’ dv = 6’i’m, C #,(M). Thus D,‘d C D, i.e., Dd-l 2 Di’. This implies that 
Dd-l is Vui-dense for all d E Di . Then D is I/,*-dense, a contradiction. This 
completes the proof. 
We remark that the assumptions on M in Theorem 3.3 are used in the proof 
only to show that the element v, which is constructed to restrict to a given 
vi~Mu., has only finitely many nonzero coordinates in the assumed direct sum 
decomposition of E(M,), and thus lies in E(M,). 
We say that a ring map 4: R - S is a flat epimorphism if + is an epimorphism 
in the category of rings and S is flat as a right R-module. We recall some known 
facts. Let 24 = {D / D is a left ideal of R and S+(D) = S}. Then 9 is a topology 
for R and the quotient ring of R with respect to this topology can be identified 
with S in such a way that 4 is identified with the canonical map of R to the 
quotient ring. Each S-module is torsion-free as R-module, with respect to 
the torsion theory determined by the topology 9. Injective S-modules are 
injective as R-modules. There is a natural identification of Spec S with the 
subset of Spec R consisting of [V] such that V is torsion-free. 
We say that a subset Y of X is afine if there is a flat epimorphism R--f S 
such that Y is identified as above with Spec S. It can be shown that this iden- 
tification map is a homeomorphism of Spec S into Spec R. When Y is an affine 
open subset of X, it is easy to verify that the sheaf of rings over Y induced by the 
sheaf over X associated with R is the sheaf associated with S. 
The sheaf of rings associated with a ring R and the sheaf of modules associated 
with an R-module M, that we have constructed, reduce to the usual notions when 
R is commutative. For this it suffices to show that R, and Mu reduce to the 
usual ring and module when U is an open set determined by a non-nilpotent 
element c E R, UC = {[E(R/P)] / c # P}. 
PROPOSITION 3.4. Assume R is commutative and Noetherian and let UC be 
defined as above for some non-nilpotent c E R. Then R, can be identified with the 
usual quotient ring R, of R with respect to the mubipiicative set of powers of c. 
Mu, z R, 0 &I. 
Proof. The map R + R, is a flat epimorphism. Hence, the indecomposable 
injective RC-modules are the torsion-free indecomposable injective R-modules. 
Thus Spec R, identifies with UC . Again, the fact that R + R, is an epimorphism 
implies that R-maps between R,-modules are R,-maps. Thus End,(VUC) = 
End, ( VuC), and we also get equality between the biendomorphism rings. This is 
just R, = R, . We look now at the restriction maps. Suppose UC1 C UCz. 
Then cf~ Rad(RCZ) and cln = yc2 for some r E R and some positive integer n. 
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Let acim E R, . If P is a prime ideal with c1 6 P, then c, acts as a unit on E(R/P), 
and hence so ioes Y. Therefore, the action of ac;” on E(R/P) is the same as the 
action of armc;mn on E(R/P). Thus I,&, ,U (ac;“) = armc;mn. 
The facts that R + R, is a flat ep&o$hism and that R, identifies with R, 
imply that MU g R, @s 1M. The restriction maps for the sheaf of modules are 
clearly the usual ones. This completes the proof. 
4. SOME EXAMPLES 
In this section we give some examples to illustrate complications which can 
appear with noncommutative rings that are not present in the commutative 
case. Most of the examples given are finite-dimensional algebras over a field, and 
hence, are artinian rings. In most cases, we omit proofs. 
(1) If R is a semisimple artinian ring, then R = R, @ ... @ R, where 
each Ri is simple. Spec R is an n-point discrete space with a point xi for each 
simple summand R, . In the associated sheaf, the ring of sections over a set 
u = {Xi, ,...) xi,} is Ril @ .. . @ Rik . 
(2) If R is the ring of n x n upper triangular matrices over a field F, then 
Spec R is an n-point space with topology the order topology from a linear 
ordering of the set. Thus, Spec R = {xi , xs ,..., x,] and an open set is of the form 
ui = {x1 ) x2 ,...) xi}. In the associated sheaf, the ring of sections over Vi is the 
ring of all matrices (zkl) over F such that akl = 0 if k > 1 and I < i. Thus, for 
n = 3, Spec R = (xi , x2 , xs} and the open sets are U, = {x,}, U, = {x1 , x2}, 
U, = Spec R. The ring Rul is the full 3 x 3 matrix ring, RLI, is the triangular 
matrix ring R, and the ring Ruz is the ring of matrices of the form 
* * * 
i 1 
0 * *. 0 * * 
More generally, if P is a finite partially ordered set and R is the incidence 
algebra of P over F, then Spec R can be identified with P with its order topology. 
The rings R, of the associated sheaf can be computed explicitly. This is done in 
[41* 
(3) We present here an example of a ring such that Spec R does not have 
a basis of affine open sets. The ring R is the ring of all 4 x 4 matrices over a 
field F which are of the form 
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Let 
R has three isomorphism classes of simple modules, represented by S, , S, , Ss . 
The injective hulls of these modules are V, , V, , V, , respectively. Let xi = [Vi]. 
Then Spec R = {x, , x2 , xs}. The nonempty open sets are U, = {xi}, Us = 
6% ! x2}, Us = Spec R, as in the case of the 3 x 3 triangular matrix ring. The 
only open set contained in U, and containing x2 is U, itself. We show that U, is 
not affine. 
Clearly, Rue -= Biend,( VI @ V,) is a subring of the ring of 4 x 4 matrices of 
the form 
Let cy E Euz be defined by 
Let 0 0 
1 0 
v= 
00) 0’0 
E v, CIJ v2 . 
0 0 
Ift E Ruz, we deduce from (tv)ol = t(m) that t must be represented by a matrix 
of the form 
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Choosing 
1 0 
0 0 
v= !i) 0) 0’0 E v, @ v* . 0 0 
we deduce that 0~~~ = 0. Thus R, = 2 R, which shows that U, is not an affine 
open set. 
(4) Let G be a finite group, F a field, and R = k[q. Then 
R = R,@...@R, 
where each R, is an indecomposable two-sided ideal of R; this is the block 
decomposition of R. Spec R decomposes as a disjoint union of open sets 
u 1 ,.**, lJ, with Ui homeomorphic with Spec Rd. It can be shown that the 
topology on Spec Ri is indiscrete, so that each Ui is a minimal nonempty open 
set. If U is the union of Ui, ,..., Ui, , then in the sheaf associated with R, 
R, = Ril @ ... @ Rik . 
(5) For an arbitrary ring homomorphism +: R - S, it is not possible to 
define in a natural way a map Spec S + Spec R. To see this, let 4 be the 
embedding of the ring of 2 x 2 diagonal matrices over a field F into the full ring 
S of 2 x 2 matrices over F. Spec R is a discrete two-point space, Spec S has 
only one point, and there is clearly no natural way to choose a map Spec S + 
Spec R. 
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